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ABSTRACT
We revisit the dark degeneracy that arises from the Einstein equations relating geometry to the
total cosmic substratum but not resolving its individual components separately. We establish
the explicit conditions for the dark degeneracy in the fluid description of the dark sector. At
the background level, this degeneracy can be formally understood in terms of a unified dark
sector Equation of State (EoS) that depends both on the dynamical nature of the dark energy
(DE) as well as on its interaction with the pressureless dark matter. For linear perturbations,
the degeneracy arises for specified DE pressure perturbations (or sound speed, equivalently) and
DE anisotropic stress. Specializing to the degeneracy between non-interacting dynamical DE
and interacting vacuum DE models, we perform a parameter estimation analysis for a range of
dynamical DE parametrizations, where for illustration we explicitly break the degeneracy at the
linear level by adopting a luminal sound speed for both scenarios. We conduct this analysis
using cosmological background data alone and in combination with Planck measurements of
the cosmic microwave background radiation. We find that although the overall phenomenology
between the dynamical DE and interacting approaches is similar, there are some intriguing dif-
ferences. In particular, there is an ambiguity in the strength of constraints on Ω푚0 and 휎8, whichare considerably weakened for interacting vacuum DE, indicating that the dark degeneracy can
change the significance of tensions in cosmological parameters inferred from different data sets.
1. Introduction
The Coma galaxy cluster mass obtained from the virial theorem in the 1930s [1, 2], followed by the study of galaxy
rotation curves in the 1970s [3] and the distance measurements of type Ia supernovae (SNe) in the 1990s [4, 5] have
brought to light one of the most intriguing problems of modern cosmology: the dark sector. While ordinary matter
(baryons) and radiation compose only about 5% of the current energy content of our Universe, this exotic dark compo-
nent contributes the other 95%, dominating the present cosmic substratum. The dark sector is thought to be composed
of two constituents: dark matter and dark energy (DE). Each is important for understanding phenomena of different
nature and scales. The importance of dark matter lies mainly in structure formation, for example, to allow baryonic
structures to become non-linear after decoupling from the photons. In contrast, DE is the component responsible for
the observed late-time accelerated expansion of the Universe. In the standard cosmological picture, dark matter is
described as a cold, i.e., pressureless, matter component (CDM) and DE is described by the cosmological constant Λ.
The ΛCDMmodel combines the dark sector with baryons and radiation within the context of General Relativity (GR).
It is an impressive fact that this simple description of the Universe reproduces the range of cosmological observables
of very different nature using the same set of cosmological parameters, consequently assigning to ΛCDM the status of
a concordance model.
However, even though the ΛCDM model enjoys a considerable observational success [6, 7, 8], there remain a
number of theoretical and observational points that deserve to be thoroughly investigated [9]. From the theoreti-
cal perspective, the biggest challenge lies in understanding the fundamental nature of these dark components. This
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encompasses, for instance, the attempt of associating the DE component with the vacuum energy in the context of
quantum field theory (leading to the cosmological constant problem [10, 11, 12]) or the search for particles beyond
the Standard Model for describing CDM [13]. From an observational point of view, besides the small-scale prob-
lems in galaxy formation [14], recent cosmological observations indicate a considerable discrepancy in ΛCDM with
the parameter constraints from Planck [6], suggesting the possibility that “new physics” may need to be accounted
for to resolve the tension. For example, observations of the large-scale structure from weak lensing with the Kilo-
Degree Survey (KiDS) [15, 16] exhibit a 2.6휎 discrepancy with the latest Planck results on the amplitude of matter
fluctuations. In contrast, the joint lensing-galaxy clustering analysis of the Dark Energy Survey (DES) [8, 17, 18]
finds a considerably higher value of this amplitude, consistent with the Planck data. A larger tension currently
faced by the ΛCDM model concerns the measurement of the present value of the Hubble constant 퐻0 describ-ing the expansion rate of the Universe when inferred from late and early physics [19] (cf. [20]). Whereas the last
Planck [] result gives퐻0 = 67.36 ± 0.54 Km s−1 Mpc−1, some local measurements are in more than 4휎 tension withthis result, e.g., measurements from type Ia SNe calibrated with cepheids (퐻0 = 74.03 ± 1.42 km s−1 Mpc−1 [21]or 75.66 ± 1.69 km s−1Mpc−1 [22]) and measurements from type Ia SNe using tip of the red giant branch stars
(퐻0 = 72.4 ± 1.9 km s−1 Mpc−1 [23, 24]).In trying to solve, or at least alleviate, the theoretical and potentially observational shortcomings of the current
concordance model, a range of alternative proposals have been made for the dark sector. Within the context of GR,
two important phenomenological alternatives consist in: (푖) the possibility that DE is not characterized by the vacuum
equation of state (EoS) (푤푥 = −1) but a dynamical (time-dependent) EoS 푤푥(푎) instead [25, 26, 27, 28]; (푖푖) thepossibility that the dark components are not independent but can exchange energy/momentum with each other [29, 30,
31].
In this paper, rather than initially focusing on any specific alternative model for describing the dark sector, we
will first establish how different models of the dark sector can yield exactly the same cosmological observables such
as the Hubble expansion rate at the background level and the gravitational potentials and gravitational waves at the
perturbation level. This is a consequence of the dark degeneracy [32, 33, 34, 35, 36], the fact that the Einstein equations
only constrain the total energy-momentum tensor but not each matter component separately. More precisely, for 푛
components of the visible sector, the Einstein equations can be expressed as
푇 (푑)휇휈 =
퐺휇휈
휅
−
푛∑
푖=1
푇 (푖)휇휈 , (1)
where 휅 ≡ 8휋퐺 with the gravitational constant 퐺 and the speed of light in vacuum 푐 set to unity. The relation implies
that for a given theory of gravity (described by the Einstein tensor 퐺휇휈 or a generalization thereof) and specified com-
ponents of the visible sector (defining the energy-momentum tensors 푇 (푗)휇휈 ), there are an infinite number of possibilities
of splitting the dark energy-momentum tensor 푇 (푑)휇휈 in Eq. (1). The dark degeneracy for the case of scalar-tensor modi-fications of gravity in the presence of a single CDM component has been studied in Refs. [37, 38, 39, 40]. As predicted
in Ref. [38] this degeneracy was broken by the measurement of the speed of gravitational waves with GW170817 [41].
Precisely because of the breaking of the dark degeneracy, this resulted in important implications for modifications of
gravity as a candidate for dark energy [38, 39]. In the second part of our series on the dark degeneracy, we will explore
how this degeneracy can be restored by allowing for an effective scalar field that modifies gravity and its additional
interactions with one or more dark sector components. Here, we explore the dark degeneracy between models with
a CDM component and a generalized DE fluid and models where a CDM component interacts with a DE component
with vacuum EoS푤푥 = −1. We inspect the degeneracy at the background level and at the perturbation level for scalarand tensor fluctuations in order to determine the precise mapping between the non-interacting generalized dynamical
DE fluid models and the interacting dark sector models with vacuum DE EoS. In order to study the impact of the
degeneracy at the background level on parameter constraints, we also break the dark degeneracy at the linear level and
perform a parameter estimation analysis with current cosmological observations, employing geometrical probes and
cosmic microwave background (CMB) data.
The structure of the paper is the following: In Sec. 2 we present a unified description for the dark sector that can
be used to formally establish the dark degeneracy at the background level in terms of the unified dark EoS. We also
present a general discussion of the most interesting cases for describing CDM and DE components, i.e., CDM with a
generalized dynamical dark energy fluid versus an interacting dark sector where the DE EoS is fixed to푤푥 = −1. Sec. 3is devoted to obtaining the explicit expressions that map generalized dynamical DE fluids with CDM to interacting dark
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sector models. In Sec. 4, for the purpose of illustrating the impact of a degeneracy at the background level, we break
the dark degeneracy at the perturbation level. We choose three specific well known dynamical DE parameterizations
(푤CDM, Chevallier-Polarski-Linder (CPL) [25, 26], and Barboza-Alcaniz (BA) [27]) and compute their analogous
interactingmodels. Sec. 5 provides a Bayesian statistical analysis of the two different scenarios under the three different
parameterizations, employing type Ia SNe, baryonic acoustic oscillations (BAO), Cosmic Chronometers and CMB
data. Finally, Sec. 6 presents the main conclusions of this work.
2. General unified/interacting background description for the dark sector
With ‘the cosmological background’ we refer to the very large scales of the observable Universe, where the cos-
mological principle holds, i.e., the scales where matter can statistically be considered homogeneously and isotropically
distributed. In this regime, the space-time can be described by the Friedmann-Lemaître-Robertson-Walker (FLRW)
line element,
푑푠2 = 푑푡2 − 푎2 (푡)
[
푑푟2 + 푟2
(
푑휃2 + sin2 휃푑휙
)]
. (2)
In GR, using the flat FLRW metric above, the dynamics of the space-time are described by the usual Friedmann
equation,
3퐻2 = 8휋퐺휌 , (3)
where 휌 is the energy density of the total cosmic substratum, which must take into account all the matter components
of the Universe. We assume four components: radiation, baryons, cold dark matter (CDM) and dark energy (DE).
Each one of these is described as a perfect fluid with equation of state (EoS) 푝푖 = 푤푖휌푖, where the EoS parameter 푤푖is not necessarily a constant. The radiation component, or relativistic matter, will be denoted by the subindex 푟 and is
characterized by푤푟 = 1∕3. The baryonic component will be denoted by the subindex 푏 and is characterized by푤푏 = 0.CDM will be denoted by the subindex 푐 and, as for the baryons, is also characterized by 푤푐 = 0. But in this case, aswill be discussed in more detail in the following sections, these two matter constituents must be considered separately.
Lastly, the DE component will be denoted by the subindex 푥, and we consider a priori a general time-dependent EoS
parameter 푤푥 (푎).In the standard cosmological scenario, all components are considered independent at late times, i.e., there is no
physical process providing an energy/momentum exchange between the different components. Here, we relax this
assumption: we allow the possibility of interactions between the dark components, but baryons and radiation shall re-
main independent and separately conserved. For radiation and baryons, the background energy conservation equations
are given by
휌̇푟 + 4퐻휌푟 = 0 ⇒ 휌푟 =
3퐻20
8휋퐺
Ω푟0 푎−4 , (4)
휌̇푏 + 3퐻휌푏 = 0 ⇒ 휌푏 =
3퐻20
8휋퐺
Ω푏0 푎−3 , (5)
where dots denote derivatives with respect to cosmic time and Ω푖 ≡ 8휋퐺휌푖∕3퐻20 is the density parameter associatedto the 푖-th matter component. For a physical quantity, the subscript 0 denotes its present value at 푎 = 푎0 = 1.For the dark sector, even if it is physically described by separate components (interacting or not), it is always
possible to effectively describe it as a unified fluid with energy density and pressure at the background level respectively
given by
휌푑 = 휌푐 + 휌푥 and 푝푑 = 푝푥 = 푤푥 (푎) 휌푥 , (6)
where the subindex 푑 denotes the unified dark fluid. At this point, it is convenient to introduce the ratio between
the CDM and DE energy densities 푟 ≡ 휌푐∕휌푥. One can express the unified dark energy density from the previousrelation (6) in terms of the ratio 푟 together with one of the energy densities of the dark components such that
휌푑 = 휌푥
[
1 + 푟 (푎)
] or 휌푑 = 휌푐[1 + 푟 (푎)−1 ] . (7)
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Taking advantage of the fact that the unified dark pressure only arises from the DE component and using the first
relation in Eq. (7), we can write an effective EoS for the unified dark fluid in terms of the DE EoS parameter and the
ratio between CDM and DE energy densities,
푝푑 = 푤푑 (푎) 휌푑 with 푤푑 (푎) =
푤푥 (푎)
1 + 푟 (푎)
. (8)
Since the unified energy density is the sum of the energy densities of the dark components, even for interacting models,
the energy density of the dark sector as a whole must be conserved, which means that the unified dark fluid must satisfy
the background energy conservation equation
휌̇푑 + 3퐻
[
1 +푤푑 (푎)
]
휌푑 = 0 . (9)
For a given 푤푑 (푎), one finds the well-known solution
휌푑 (푎) =
3퐻20
8휋퐺
Ω푑0 exp
[
−3∫
1 +푤푑 (푎̂)
푎̂
푑푎̂
]
. (10)
Since the cosmological background expansion is described by the Hubble rate via Eq. (3), one can observe that no
individual matter component is relevant for the dynamics alone but only in the sum of all energy densities. Thus, at
the background level, all the dark sector information is contained in 휌푑 , or equivalently, according to Eq. (10), in theunified dark EoS parameter 푤푑 (푎). As can be seen in Eq. (8), the unified dark EoS parameter depends directly on thefunctions 푤푥 (푎) and 푟 (푎), where the first one is related to the dynamical nature of the DE component (independentlyof the other components) and the second one, as will be seen in Sec. 2.2, can be associated to an interaction in the dark
sector. However, using Eq. (8), it is clear that different combinations of 푤푥 (푎) and 푟 (푎) can give us exactly the same
푤푑 (푎), and consequently the same Hubble rate.It is important to emphasize that this degeneracy does not mean that two different descriptions with the same푤푑 (푎)but different푤푥 (푎) and 푟 (푎) are identical, i.e. have the same fluid content, since the dark components evolve differently.For example, whereas CDM evolves with 푎−3 in the dynamical DE parameterization, the interaction affects the CDM
evolution in the second case. But they give exactly the same Hubble rate. Because of that, no observation based on
measurements of distances, e.g. type Ia Supernovae, BAO and cosmic chronometers, can distinguish models with the
same 푤푑 (푎).In this work we explore this dark sector degeneracy, focusing on two different approaches for the dark sector: the
dynamical DE parameterization and interacting models. In the first approach we consider a dynamical nature for DE
through a time-dependent EoS parameter푤푥 (푎), but no interaction in the dark sector, whereas in the second approachwe consider a decaying vacuum dark energy, i.e., we set the DE EoS parameter to 푤푥 = −1, but we allow for aphenomenological interaction between dark components. In order to clearly distinguish both approaches, from now
on, all the quantities related to the dynamical DE approach will be denoted with a bar whereas all the quantities related
to the interacting dark sector approach will be denoted with a tilde. When a physical quantity is identical in both
approaches, neither a bar nor a tilde will be used.
Note that this degeneracy allows to consider more general cases, where both푤푥 (푎) is dynamical and 푟 (푎) is affectedby an interaction (models with interaction between CDM and dynamical DE). We leave an analysis of such scenarios
for future work.
2.1. Dynamical DE parameterization
The standard approach for modeling alternative DE models imposes the hypothesis that all components are inde-
pendently conserved, and introduces a dynamical DE EoS parameter 푤̄푥 (푎). A large number of parameterizationsfor the DE EoS have been proposed and studied in the cosmological literature, here we will focus on the functions
proposed in [25, 26, 27]. In this approach, as each species evolves independently, the background energy conservation
equations for the dark sector components are given by1
̇̄휌푐 + 3퐻휌̄푐 = 0 , (11)
1Note that it is not necessary to denote the Hubble rate and the unified dark EoS parameter with a bar or tilde because we are interested in the
degenerate case where they are identical in both approaches.
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̇̄휌푥 + 3퐻휌̄푥
[
1 + 푤̄푥 (푎)
]
= 0 , (12)
which lead to the following well-known solutions,
휌̄푐 =
3퐻20
8휋퐺
Ω̄푐0푎−3 , (13)
휌̄푥 =
3퐻20
8휋퐺
Ω̄푥0 exp
[
−3∫
1 + 푤̄푥 (푎̂)
푎̂
푑푎̂
]
. (14)
Thus, using these results, the ratio between the CDM and DE energy densities and the unified dark EoS parameter are
given by
푟̄ (푎) = 푟̄0푎−3 exp
[
3∫
1 + 푤̄푥 (푎̂)
푎̂
푑푎̂
]
and 푤푑 (푎) =
푤̄푥 (푎)
1 + 푟̄0푎−3 exp
[
3 ∫ 1+푤̄푥(푎̂)푎̂ 푑푎̂
] , (15)
where 푟̄0 = 휌̄푐0∕휌̄푥0 is the current value of the ratio 푟̄ (푎).
2.2. Interacting dark sector models
In a second approach we relax the hypothesis that dark components are independent, and we assume a phenomeno-
logical source term responsible for energy transfer between the dark components. Fixing 푤̃푥 (푎) = −1, the interactionbetween CDM and DE appears in the background energy conservation equation as
̇̃휌푐 + 3퐻휌̃푐 = 푄̃ , (16)
̇̃휌푥 = −푄̃ , (17)
where 푄̃ is a scalar source function that defines a specific interacting model. In Eqs. (16) and (17) the direction of the
energy transfer depends on the sign of the source term: if 푄 is positive we have DE decaying into CDM, whereas the
opposite occurs if 푄 is negative. As for the dynamical DE parameterizations, several interacting models have been
studied in the literature, most of them being phenomenologically motivated [42], but there are theoretical arguments
that can be invoked to motivate such a coupling [43, 44].
As previously mentioned, the ratio between the CDM and DE energy densities can be associated with an interaction
in the dark sector. To further clarify this point, it is convenient to introduce the derivative of the ratio with respect to
cosmic time. Using Eqs. (16) and (17), one finds
̇̃푟 = 푟̃
( ̇̃휌푐
휌̃푐
−
̇̃휌푥
휌̃푥
)
⇒ ̇̃푟 = −푟̃
[
푄
(
휌̃푐 + 휌̃푥
휌̃푐 휌̃푥
)
+ 3퐻
]
. (18)
We make the ansatz that the interaction source function depends only on the energy densities of the interacting com-
ponents, i.e., the interaction term has the form 푄̃ = 3퐻푅̃ (휌̃푐 , 휌̃푥), where 푅̃ (휌̃푐 , 휌̃푥) is a general function of the CDMand DE energy densities with the dimensions of an energy density. Eq. (18) can then be rewritten as
̇̃푟 + 3퐻푟̃
[
푅̃(휌̃푐 , 휌̃푥)
(
휌̃푐 + 휌̃푥
휌̃푐 휌̃푥
)
+ 1
]
= 0 . (19)
Assuming that 푅̃(휌̃푐 , 휌̃푥) does not depend on any preferred absolute energy density, e.g. 푅̃(휌̃푐 , 휌̃푥) = 휌̃푐0, the first termin the square brackets must be a function of 푟̃ alone. This includes almost all the interaction terms that have been
studied in the literature so far, see Eq. (26). It is convenient to define the following function [45],
푓̃ (푟̃) ≡ 푅̃(휌̃푐 , 휌̃푥)
(
휌̃푐 + 휌̃푥
휌̃푐 휌̃푥
)
, (20)
so that Eq. (19) takes the form
̇̃푟 + 3퐻푟̃
[
푓̃ (푟̃) + 1
]
= 0 . (21)
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Eq. (21) is a differential equation for 푟̃ that depends on the interaction term. It is important to emphasize that in a
phenomenological approach, the choice of an interaction term 푄̃ is equivalent to choosing a function 푓̃ (푟̃) as these
are related via 푓̃ (푟̃) = 푄̃∕3퐻 [(휌̃푐 + 휌̃푥) ∕휌̃푐 휌̃푥]. Note that the interacting dark sector approach can also be put into adifferent perspective, in the sense that one can make an ansatz for the function 푟̃ (푎) and then solve Eq. (21) for 푓̃ (푟̃)
with
푓̃ (푟̃) = − 푟̃
′푎
3푟̃
− 1 , (22)
where the prime denotes a derivative with respect to scale factor.
The unified dark EoS parameter for the interacting dark sector is given by
푤̃푑 (푎) = −
1
1 + 푟̃ (푎)
, (23)
which follows from Eq. (8). This means that for a given (phenomenologically motivated) interacting model, one can
solve Eq. (21) and then compute the Hubble rate regardless of knowledge of the explicit form of the energy densities
of the dark components. A model-independent study of interacting models based on the function 푟̃ (푎) can be found
in [46].
This approach of using the ratio between the CDMandDE energy densities is particularly convenient for interacting
models (that satisfy the condition 푄̃ = 3퐻푅̃) because instead of having to solve the coupled Eqs. (16) and (17), one
can solve Eq. (21) in addition to only one of the following relations,
̇̃휌푐 + 3퐻휌̃푐
(
푓̃ (푟̃)
1 + 푟̃
+ 1
)
= 0 , (24)
̇̃휌푥 − 3퐻휌̃푥
(
푓̃ (푟̃)
1 + 푟̃−1
)
= 0 , (25)
which forms a decoupled system2. For example, any interacting model described by the interaction function 푄̃ below
can be related to the function 푓̃ according to:
푄̃ = 3퐻휌̃훼푐 휌̃
훽
푥
(
휌̃푐 + 휌̃푥
)휎
⇔ 푓̃ (푟̃) = 푟̃훼−1 (1 + 푟̃)휎+1 , (26)
where, from dimensional reasoning, the relation 훼 + 훽 + 휎 = 1 must hold.
3. Explicit equivalence between dynamical DE parameterization and interacting dark
sector models
We shall now present the explicit expressions that relate the dynamical DE parameterization and the interacting
dark sector approaches such that they become indistinguishable both at the background and linear perturbation level.
From a theoretical point of view, this consists in imposing that the left-hand side of Einstein’s field equations must be
equivalent and therefore finding the conditions that ensure that the right-hand side is identical in both approaches. At
the background level, one must impose that the Hubble rate (or equivalently the scale factor as a function of time) is
identical, while at the linear level, the potentialsΨ andΦmust agree between the two approaches. As will be discussed,
at the linear level, we will also inspect the conservation equations to find the full degeneracy.
3.1. Background level
As aforementioned, given that radiation and baryons evolve according to Eqs. (5) and (4), respectively, the Hubble
rate is determined by the unified dark EoS parameter. Then, the idea here is that for a given dynamical DE parameter-
ization, i.e., with spedified DE EoS parameter 푤̄푥 (푎), one can compute the corresponding interaction 푓̃ (푟̃). Thus, thecondition that must be satisfied is that 푤푑 (푎) is the same in both approaches. Equating the second relation of Eq. (15)with Eq. (23), one obtains the condition
푟̃ (푎) = −
1 + 푟̄0푎−3 exp
[
3 ∫ 1+푤̄푥(푎̂)푎̂ 푑푎̂
]
푤̄푥 (푎)
− 1 . (27)
2The other energy density is obtained trivially from the definition of 푟 (푎).
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Eq. (27) shows how any dynamical DE parameterization characterized by 푤̄푥 (푎) can be mapped into an interactingdark sector description characterized by 푟̃ (푎) which yields exactly the same background expansion dynamics. Then,
the previous result found for 푟̃ (푎) can be used to find the corresponding interaction term via Eq. (22).
Note that it is not necessary to use Eq. (22) combined with the background energy conservation (16) and (17)
to compute the background energy densities for the dark components in the interacting approach. Given the energy
densities of the dark components in the dynamical DE parameterization, which is a consequence of the specific choice
of 푤̄푥 (푎), it is possible to use the condition that the total unified dark energy density must be equal between the twoapproaches, (휌푑 = 휌̄푐 + 휌̄푥 = 휌̃푐 + 휌̃푥), to obtain the energy densities in the interacting approach. Using Eqs. (6) and(8) for both approaches, the equivalence of 푤푑 (푎) can be rewritten as
푤̄푥
휌̄푥
휌̄푐 + 휌̄푥
= −
휌̃푥
휌̃푐 + 휌̃푥
. (28)
Since the denominators must be identical, one can then conclude that
휌̃푐 = 휌̄푐 + 휌̄푥
(
1 + 푤̄푥
)
, (29)
휌̃푥 = −푤̄푥휌̄푥 . (30)
Note that even if the Hubble rate is the same in both approaches, the current values of the CDM and DE density
parameters are different, Ω̄푐0 ≠ Ω̃푐0 and Ω̄푥0 ≠ Ω̃푥0. This will become more explicit in Sec. 5, where a statisticalanalysis will be presented for specific models.
3.2. Perturbative level
Now that the degeneracy at the background level is established, we repeat an analogous procedure at the perturbative
level: we impose that the left-hand side of Einstein’s equations must be identical, which implies that Φ and Ψ are
indistinguishable between the two approaches, and we then determine the relations that must be satisfied for the dark
sector on the right-hand side of the equations.
3.2.1. Scalar perturbations
We first consider scalar perturbations up to linear level, where we adopt the Newtonian gauge for the perturbed
FLRW metric with the (gauge invariant) gravitational potentials Ψ and Φ,3
푑푠2 = 푎2 (휏)
[
− (1 + 2Ψ) 푑휏2 + (1 + 2Φ) 푑x2
]
, (31)
where 휏 is the conformal time 푑푡 = 푎 푑휏.
At the linear level, the energy-momentum tensor of the total cosmic fluid is given by
훿푇 00 ≡ −훿휌 , (32)
훿푇 0푖 ≡ (휌 + 푝) 푣푖 , (33)
훿푇 푖푗 ≡ 훿푝 훿푖푗 + Σ푖푗 , (34)
where 훿휌, 푣푖, 훿푝 and Σ푖푗 are respectively the total energy density perturbation, the total spatial 3-velocity, total pressureperturbation and the total anisotropic shear perturbation. For scalar perturbations, we can write the total spatial 3-
velocity and the total anisotropic shear perturbation in terms of the divergence of the total spatial 3-velocity and the
anisotropic stress, which in Fourier space are respectively defined as
휃 ≡ 푖푘푗푣푗 , (35)
(휌 + 푝) 휎 ≡ −(k̂푖 ⋅ k̂ 푗 − 13훿푖푗)Σ푗푖 . (36)
The perturbative dynamics of the Universe (space-time + matter content) is then described by the Einstein and
conservation equations. The linear Einstein equations now take the following form,
−푘2Φ + 3 (−Φ′ +Ψ) = 4휋퐺푎2훿푇 00 , (37)
3As was the case for the Hubble rate and the unified dark EoS parameter, in a degenerate scenario, Ψ and Φ must be identical between the two
approaches. Hence, no bar or tilde is required for these quantities as the distinction is not necessary.
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푘2
(
−Φ′ +Ψ) = 4휋퐺푎2 (휌 + 푝) 휃 , (38)
−3Φ′′ + 3 (Ψ′ − 2Φ′) + 3(2푎′′
푎
−2
)
Ψ − 푘2 (Φ + Ψ) = 4휋퐺푎2훿푇 푖푖 , (39)
−푘2 (Φ + Ψ) = 12휋퐺푎2 (휌 + 푝) 휎 . (40)
For a general interacting fluid, the conservation equations can be written as [47],
훿휌′푖 + 3 (훿휌푖 + 훿푝푖) + (휌푖 + 푝푖) (3Φ′ + 휃푖) = 푎푄푖Ψ + 푎훿푄푖 , (41)[(
휌푖 + 푝푖
)
휃푖
]′ + (휌푖 + 푝푖) (4휃푖 − 푘2Ψ) − 푘2훿푝푖 + (휌푖 + 푝푖) 푘2휎푖 = 푎푄푖휃 + 푎푘2푖 , (42)
where the functions 훿푄푖 and 푖 describe the interaction at the linear level, being respectively responsible for theperturbative energy and momentum transfer, and 휃 ≡ ∑(휌푖 + 푝푖) 휃푖∕∑(휌푖 + 푝푖) is the total velocity of the cosmicsubstratum. These equations are general. For the dynamical DE approach we have 푄푖 = 훿푄푖 = 푖 = 푄̄푖 = 훿푄̄푖 =̄푖 = 0, whereas for the interacting dark sector approach푄푖 = 푄̃푖, 훿푄푖 = 훿푄̃푖 and 푖 = ̃푖. In general, 훿푄̃푖 and ̃푖 canbe seen as free functions, and also with 푄̃푖 are phenomenologically motivated.Considering explicitly all matter species separately, these quantities can be divided as follows,
훿휌 =
∑
푖
훿휌푖 , 훿푝 =
∑
푖
훿푝푖 , (휌 + 푝) 휃 =
∑
푖
(
휌푖 + 푝푖
)
휃푖 and (휌 + 푝) 휎 =
∑
푖
(
휌푖 + 푝푖
)
휎푖 , (43)
where the subindex 푖 runs over all matter species (푖 = {푟, 푏, 푐, 푥}). Since we are particularly interested in the dark
components, it is convenient to write here the conservation equations for CDM and DE for both approaches. In the
dynamical DE approach, Eqs. (41) and (42) applied to the dark components reduce to
훿휌̄′푐 + 3훿휌̄푐 + 휌̄푐 (3Φ′ + 휃̄푐) = 0 , (44)
휃̄′푐 +휃̄푐 − 푘2Ψ = 0 , (45)
훿휌̄′푥 + 3 (훿휌̄푥 + 훿푝̄푥) + 휌̄푥 (1 + 푤̄푥) (3Φ′ + 휃̄푥) = 0 , (46)
휃̄′푥 +
푤̄′푥
1 + 푤̄푥
휃̄푥 + (1 − 3푤̄푥) 휃̄푥 − 푘2Ψ − 푘2훿푝̄푥휌̄푥 (1 + 푤̄푥) + 푘2휎̄푥 = 0 . (47)
In comparison, in the interacting approach, the analogous relations are
훿휌̃′푐 + 3훿휌̃푐 + 휌̃푐 (3Φ′ + 휃̃푐) = −푎푄̃Ψ − 푎훿푄̃ , (48)
휃̃′푐 +휃̃푐 − 푘2Ψ = − 푎휌̃푐
(
푄̃휃̃ + 푘2̃) , (49)
훿휌̃′푥 + 3 (훿휌̃푥 + 훿푝̃푥) = 푎푄̃Ψ + 푎훿푄̃ , (50)
where, in order to ensure that the dark sector as a whole is conserved, we choose 푄̃ = 푄̃푥 = −푄̃푐 , 훿푄̃ = 훿푄̃푥 = −훿푄̃푐and ̃ = ̃푥 = −̃푐 . In this case, since we require 푤̃푥 = −1, the DE momentum conservation does not provide thedynamics for the DE velocity, but it can be seen as an algebraic constraint for the perturbative momentum exchange
due to the interaction,
̃ = −1
푎
(
훿푝̃푥 + 푎푄̃
휃̃
푘2
)
. (51)
Note that by definition in the interacting approach there is no DE contribution in 휃̃.
We again assume that quantities related to baryons and radiation are equivalent between the two approaches, but
quantities related to CDM and DE differ. In general, as can be seen from the relations (43), we have eight degrees of
freedom for describing the dark sector at linear level, {훿휌푐 , 훿휌푥, 훿푝푐 , 훿푝푥, 휃푐 , 휃푥, 휎푐 , 휎푥}, but we assume as an ansatzthat CDM has a vanishing pressure perturbation and anisotropic stress in both approaches, 훿푝̄푐 = 훿푝̃푐 = 휎̄푐 = 휎̃푐 = 0,which reduces the number of “dark” degrees of freedom to six.
From a formal point of view, the degeneracy between dynamical DE parameterizations and interacting dark sector
models at the linear level means a set of explicit relations that map the set {훿휌̄푐 , 훿휌̄푥, 훿푝̄푥, 휃̄푐 , 휃̄푥, 휎̄푥} to the corre-sponding set {훿휌̃푐 , 훿휌̃푥, 훿푝̃푥, 휃̃푐 , 휃̃푥, 휎̃푥} such that both descriptions yield exactly the same results forΨ andΦ. Given adegeneracy at the background level, the Einstein equations (37), (38), (40) and (39) provide the following constraints,
훿휌̄푐 + 훿휌̄푥 = 훿휌̃푐 + 훿휌̃푥 , (52)
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휌̄푐 휃̄푐 + 휌̄푥
(
1 + 푤̄푥
)
휃̄푥 = 휌̃푐 휃̃푐 , (53)
훿푝̄푥 = 훿푝̃푥 , (54)
휌̄푥
(
1 + 푤̄푥
)
휎̄푥 = 0 . (55)
In the particular case where 푤̃푥 = −1, these constraints simplify4. In this scenario, it can be seen that the Einsteinequations do not impose constraints on the DE velocity and the DE anisotropic stress of the interacting approach. More
specifically, combining Eqs. (53) and (55) with the fact that the conservation equations (50) and (51) do not prescribe
any dynamics for the interacting DE velocity and anisotropic stress implies that 휃̃푥 and 휎̃푥 are free functions but withoutrelevant physical meaning. For example, they can be set to zero without loss of generality. Furthermore, according to
Eq. (55), the degeneracy is only possible if 휎̄푥 is identically zero.Like the condition on 휎̄푥, Eq. (54) sets a requirement on the physical properties of the dark sector constituents.Just as with 푤 at the background level, 훿푝 and 휎 describe the nature of the fluid at the level of the linear perturbations.
Eq. (53) also has a simple structure and provides an explicit relation between a single linear physical quantity in the
interacting approach with two linear quantities in the dynamical DE approach. Combining condition (53) with Eq. (49)
and using Eqs. (29), (30), (45), (47), (51) and (54), one finds that Eq. (53) implies the CDMmomemntum conservation
of the interacting scenario.
Finally, only Eq. (52) remains to be discussed. We still have two degrees of freedom, 훿휌̃푐 and 훿휌̃푥, which meansthat it is not possible to relate 훿휌̃푐 and 훿휌̃푥 individually to physical quantities of the dynamical DE approach. However,when solving Eq. (52) for 훿휌̃푐 and replacing the result in the interacting CDM energy conservation equation (48), thenusing the other constraints from the Einstein equations, the background degeneracy relations and the conservation
equations in the dynamical DE approach, one recovers the interacting DE energy conservation. The interacting CDM
energy conservation can be obtained with an analogous procedure, starting by solving Eq. (52) for 훿휌̃푥. Physically, thismeans that if conditions (53), (54) and the background degeneracy relations (29) and (30) are satisfied, the solutions
of the energy conservation equations for 훿휌̃푐 and 훿휌̃푥 are already compatible with the dark degeneracy. Here it isimportant to emphasize that the dark degeneracy is completely independent of the choice of 훿푄̃ and ̃ .
3.2.2. Tensor perturbations
The recent first direct measurements of gravitational waves (GWs), inaugurated with GW150914 [48] emitted
by a black hole merger, have opened a new frontier for observational astrophysics and cosmology [49]. In partic-
ular, the gravitational wave event GW170817 [41] from a neutron star merger with its electromagnetic counterpart
GRB170817A [50] has provided strong constraints on the possible physics of the dark sector [38, 39, 51, 52, 53, 54,
55, 56, 57]. GWs can also be used to measure a variation of the Planck mass [38, 58, 59, 60, 61, 62] and test the
late-time cosmology [63, 64, 65] through Standard Sirens [66, 67]. Constraints that can be obtained from Standard
Sirens have also been discussed for dynamical DE [68, 69] and interacting models [62, 70, 71, 72, 73]. Finally, there
is hope that GW data can shed light on the퐻0 tension [74, 75, 76, 77, 78, 79] (cf. [20]).We shall hence briefly inspect the tensor perturbations for both approaches to specify the conditions that maintain
the dark degeneracy. Considering only tensor perturbations, space-time is described by the gauge-independent metric
given by the line element
푑푠2 = 푎2 (휏)
[
−푑휏2 +
(
훿푖푗 + ℎ푖푗
)
푑푥푖푑푥푗
]
, (56)
where ℎ푖푗 is divergenceless (transverse) and traceless. With this metric, the Einstein equations for tensor perturbationstake the form [80]
ℎ′′푖푗 + 2ℎ′푖푗 + 푘2ℎ푖푗 = 16휋퐺푎2Π푖푗 , (57)
where Π푖푗 is the tensor part of the anisotropic stress.Imposing that the geometrical part of Eq. (57) is equivalent between the dynamical DE and interacting scenarios,
it is straightforward to conclude that the only necessary condition for ensuring the dark degeneracy is that the tensor
anisotropic stress is the same in both approaches (Π̄푖푗 = Π̃푖푗). Since the tensor anisotropic stress is absent in bothcases, the dark degeneracy for tensor perturbations is a trivial consequence of the background degeneracy.
4The general case that relates the dynamical and interacting descriptions of the dark sector is presented in Appendix A.
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4. Specific cases
We shall now apply the background degeneracy relations identified in Sec. 3.1 to formulate interacting models that
yield an equivalent background dynamics to some popular dynamical DE parametrizations. We will be interested in the
differences that these scenarios can exhibit in the linear perturbations. The linear degeneracy would require a specific
choice for the DE sound speed that satisfies the degeneracy conditions presented in Sec. 3.2.1. This degeneracy is
broken here by the assumption that the DE comoving sound speed is constant and equal to unity for both approaches
(푐̄2푠 = 푐̃2푠 = 1). This is, for instance, also the case in quintessence DE. The luminal sound speed is moreover a standardassumption for dynamical DE and interacting dark sector models [45, 47, 81, 82, 83]. Note, however, that in general
this does not need to be the case and the sound speed can be seen as a free parameter. Furthermore, for linear interacting
contributions we set 훿푄̃ = 0 and we impose that there is no momentum transfer in the CDM frame, which leads to
푘2̃ = 휃 − 휃푐 .It is convenient to rewrite the conservation equations in terms of the density contrast and the comoving sound
speed, which are respectively defined as5
훿푖 ≡ 훿휌푖휌푖 and 푐
2
푠(푖) ≡ 훿푝
(푐)
푖
훿휌(푐)푖
=
훿푝푖 + 푝′푖푣푖
훿휌푖 + 휌′푖푣푖
, (58)
where 훿푝(푐)푖 and 훿휌(푐)푖 are respectively the DE comoving pressure perturbation and the DE comoving energy densityperturbation. Using these definitions, Eq. (41) takes the form
훿′푖 + 3
(
푐2푠(푖) −푤푖
)
훿푖 +
(
1 +푤푖
) (
휃푖 + 3Φ′
)
+3 [3 (1 +푤푖) (푐2푠(푖) −푤푖) +푤′푖] 휃푖푘2 = 푎푄푖휌푖
[
Ψ − 훿푖 + 3
(
푐2푠(푖) −푤푖
) 휃푖
푘2
+
훿푄푖
푄푖
]
, (59)
whereas Eq. (42) can be rewritten as
휃′푖 +
(
1 − 3푐2푠(푖)
)
휃푖 −
푐2푠(푖)
1 +푤푖
푘2훿푖 + 푘2휎푖 − 푘2Ψ =
푎푄푖
휌푖
(
1 +푤푖
) [휃 − (1 + 푐2푠(푖)) 휃푖 − 푘2푖푄푖
]
. (60)
In Secs. 4.1, 4.2 and 4.3, we will present interacting models that are degenerate with three popular dynamical DE
parameterizations: 푤CDM, CPL and BA . These parameterizations are characterized by the EoS parameters 푤0 and
푤푎. Note that, no bar/tilde notation is needed here for 푤0 and 푤푎 because, using Eqs. (29) and (30), it is possible towrite the solutions of the interacting scenario using those of the dynamical DE, which are consequently specified by
the same parameters. Although, it is important to emphasize that in the interacting case 푤0 and 푤푎 are not DE EoSparameters but parameters that characterize a specific interaction. Recall that by construction 푤̃푥 = −1, independentlyof the value of 푤0 and 푤푎. In all interacting models, the case where 푤0 = −1 and 푤푎 = 0 will always lead to avanishing interaction and consequently to the ΛCDM model.
For all the cases, we present the explicit solutions of the background dynamics for both approaches. To illustrate
the differences between them, we use (a suitably modified version of) CLASS [84] for computing background and
linear physical quantities. For ease of reading, in all figures, we shall present results associated with the dynamical DE
approach in red whereas results illustrating the interacting approach are presented in blue. Ratios between quantities
from the different approaches are shown in black. When results for both approaches are presented in the same figure, we
allow ourselves to avoid the bar/tilde notation (for example, in the axes), but it is implicit that each result corresponds
to the scenario it has been computed for. We remind the reader that the dark degeneracy is only maintained at the
background level. It is broken at the perturbative level by the choice of DE sound speed equal to unity for both cases.
For this reason, there will be differences in observables that depend on the perturbations. Of course, even at the
background level the degeneracy implies that the expansion rate is the same in both cases, not that the composition in
terms of dark matter and dark energy is the same.
Since the main purpose of this section is to show qualitatively the difference between both approaches, in all plots
of Secs. 4.1, 4.2 and 4.3 we fix the cosmological parameter as follows:
퐻0 = 70 , 푤0 = −0.9 , 푤푎 = −0.1 , Ω̄푐0 = 0.25 and Ω̃푐0 = 0.32 . (61)
5The definition for the comoving sound speed is only valid in Newtonian gauge.
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Figure 1: Background quantities for the 푤CDM model in both approaches (dynamical DE and interacting scenario). The
cosmological parameters are fixed as in Eq. (61). Top left panel: Time evolution of the energy density parameter Ω푖(푧)
for radiation (dash-dotted lines), total matter (dashed lines) and DE (solid lines). Bottom left panel: Ratio between
the energy density parameters. Top right panel: Interacting function associated to the 푤CDM model. The dotted line
corresponds to the non-interacting case (ΛCDM model). Bottom right panel: Ratio between 푟̄ (푎) and 푟̃ (푎). The dotted
line has no physical meaning here and is only shown as a visual guide to indicate the axis.
The choice of different values for Ω̄푐0 and Ω̃푐0 was made using Eq. (29) in order to show degenerate cases. Apart fromthe construction of the degenerate models, we would also like to understand how important the breaking of the dark
degeneracy at the perturbation level is. To this end, we provide a full Bayesian statistical analysis in Sec. 5.
4.1. 푤CDM parameterization
The first case we consider is the dynamical DE parameterization 푤̄푥 (푎) = 푤0, where 푤0 is a constant but not nec-essarily -1. This is the so-called푤CDMmodel. Using Eqs. (13) and (14), the energy densities of the dark components
of the dynamical DE parameterization are given by
휌̄푐 =
3퐻20
8휋퐺
Ω̄푐0푎−3 and 휌푥 =
3퐻20
8휋퐺
Ω̄푥0푎−3(1+푤0) . (62)
Then, using Eqs. (29) and (30), the equivalent energy densities in the interacting approach are
휌̃푐 =
3퐻20
8휋퐺
[
Ω̄푐0 + Ω̄푥0
(
1 +푤0
)
푎−3푤0
]
푎−3 and 휌̃푥 = −
3퐻20
8휋퐺
Ω푥0푤0푎−3(1+푤0) . (63)
Using Eqs. (62) and (63), it is straightforward to obtain the ratio between the CDM and DE energy densities for
each case,
푟̄ (푎) = 푟̄0푎3푤0 and 푟̃ (푎) = −1 −
1 + 푟̄0푎3푤0
푤0
, (64)
where 푟̄0 = 휌̄푐0∕휌̄푥0 = Ω̄푐0∕Ω̄푥0.Finally, combining Eq. (22) with the solution for 푟̃ (푎) given by the second term of Eq. (64), one can compute the
interaction term associated with the 푤CDM model,
푓 (푟̃) = −1 −
푟̄0푤0푎3푤0
1 +푤0 + 푟̄0푎3푤0
. (65)
Fig. 1 illustrates the main background physical quantities with which to assess differences between the dynamical DE
and interacting approach in the case of a푤CDMmodel. In the top left panel we show the time evolution of the energy
density parameter for all matter components in both scenarios. One observes that the interaction only strongly affects
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the dynamics of the dark sector at late times. This is not surprising, since the푤CDMmodel only deviates fromΛCDM
at low redshifts, but it is particularly interesting because both approaches behave in the same manner at last scattering
and at the time of matter-radiation equality, and hence no significant changes are expected in the CMB power spectrum
and in the position of the maximum of the matter power spectrum (cf., e.g., [85]). The only differences we expect are
due to CMB lensing, and, at low 퓁, to the integrated Sachs-Wolfe effect (ISW). Both are integrated effects, and in the
first case the difference is related to the fact that the matter distribution is different between the two approaches whereas
the second concerns the different DE evolutions. Of course these effects are in some sense related, since a different DE
evolution also causes different matter distribution. For comparison, the bottom panel on the left-hand side shows the
ratio between the energy density parameter of the matter species in each scenario. In the top panel on the right-hand
side we illustrate the interaction function 푓 (푟) obtained from Eq. (65) for the 푤CDM model. Lastly, the bottom panel
on the right-hand side depicts the ratio between 푟̄ (푎) and 푟̃ (푎) obtained from Eq. (64).
In Fig. 2 we show the most important CMB spectra and the gravitational potentials. In the top panel on the left-hand
side, we provide the lensed CMB temperature anisotropy power spectrum. As expected, we can see the differences
between the dynamical DE and interacting approaches due to CMB lensing and ISW. The CMB lensing effect affects
the spectrum for high values of 퓁. At first glance, it appears that this effect is subdominant, however due to the high
precision in the CMB data at high multipoles, this difference may be relevant for parameter constraints [86]. On the
other hand, the ISW is responsible for the difference at low values of 퓁. In agreement with this, the top right-hand
panel shows the gauge-invariant gravitational potentialsΨ andΦ at 푘 = 0.1ℎ∕Mpc, where differences between the two
approaches only appear at late times. Since we consider a vanishing late-time anisotropic stress, the potentials coincide
in the matter-dominated era. The small departure at late times between the potentials of the two scenarios gives rise
to the low 퓁 difference visible in the CMB spectrum, which is due to the ISW effect. In the bottom left-hand panel
we show the lensed CMB polarization (EE) power spectrum where, similarly to the temperature power spectrum, only
small differences between the two approaches appear. Finally, the lensing-potential CMB power spectrum is shown on
the bottom right-hand side6. As expected, because CMB lensing is an integrated effect that must be considered from
the last-scattering surface until today, the difference in matter evolution along the expansion history of the Universe
provides different lensing effects in either case.
Besides the differences in the CMB power spectra, one might expect also differences between the dynamical DE
and interacting approaches in the structure formation, i.e., differences in the CDM density contrast, and consequently
differences in the total matter power spectrum. Note that the change in the CDM density contrast is a natural conse-
quence of the presence of the interaction/source function in its perturbative energy conservation. However, the changes
in the total matter power spectrum only occur because the linear degeneracy is broken, otherwise, it is straightforward
to see from Eq. (37) that the total density contrast is identical in the degenerate case. Essentially, this difference appears
due to the choice of the DE pressure perturbation, which allows DE clustering to compensate these changes, or not.
Fig. 3 shows thematter perturbation quantities in both approaches. The left-hand panel illustrates the time evolution
of the baryon and CDM density contrast in both approaches at 푘 = 0.1ℎ∕Mpc. From this plot, one observes that they
coincide at early times whereas at late times the CDM interacting density contrast undergoes a suppression, which can
be seen in the inset plot. In the right-hand panel of Fig. 3, we show the total matter power spectrum at 푧 = 0. Indeed
the position of the peak of the matter power spectrum does not change, but its amplitude is affected, which can be
related to the difference between Ω̄푐0 and Ω̃푐0 as the dark energy fluid is not able to cluster inside the horizon due tothe high sound speed.
4.2. CPL parameterization
The second case analyzed in this work is the well-established CPL parameterization [25, 26], which is characterized
by the DE EoS parameter 푤̄푥 (푎) = 푤0 + 푤푎 (1 − 푎). This is a standard parametrization often used in data analysis,e.g. in [6], and in forecasts, due to its link with the DETF figure of merit [87]. For this model, the energy densities of
the dark matter and the dark energy are given by,
휌̄푐 =
3퐻20
8휋퐺
Ω̄푐0푎−3 and 휌̄푥 =
3퐻20
8휋퐺
Ω̄푥0푎−3(1+푤0+푤푎) exp
[
3푤푎 (푎 − 1)
]
, (66)
which leads to the interacting energy densities
휌̃푐 =
3퐻20
8휋퐺
{
Ω̄푐0 + Ω̄푥0
[
1 +푤0 +푤푎 (1 − 푎)
]
exp
[
−3푤푎 (1 − 푎)
]
푎−3(푤0+푤푎)
}
푎−3 , (67)
6In this work we follow the usual convention of using 퐿 instead of 퓁 for lensing multipoles.
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Figure 2: Perturbative CMB quantities for the 푤CDM model in both approaches (dynamical DE and interacting scenario).
The cosmological parameters are fixed as in Eq. (61). Top left panel: Lensed CMB temperature anisotropy power spectrum.
Bottom left panel: Lensed CMB polarization (EE) power spectrum. Top right panel: Gauge-invariant gravitational
potentials Ψ and Φ at 푘 = 0.1ℎ∕Mpc. Bottom right panel: CMB lensing-potential power spectrum.
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Figure 3: Perturbative matter quantities for the 푤CDM model in both approaches (dynamical DE and interacting scenario).
The cosmological parameters are fixed as in Eq. (61). Left panel: Density contrast for baryons and CDM components at
푘 = 0.1ℎ∕Mpc. Right panel: Total matter power spectrum at 푧 = 0.
휌̃푥 = −
3퐻20
8휋퐺
Ω̄푥0
[
푤0 +푤푎 (1 − 푎)
]
exp
[
−3푤푎 (1 − 푎)
]
푎−3(1+푤0+푤푎) . (68)
Using these relations, we obtain the following expressions for the ratio between CDM and DE energy densities in
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Figure 4: Background quantities for the CPL parameterization in both approaches (dynamical DE and interacting scenario).
The cosmological parameters were fixed as in Eq. (61). Top left panel: Time evolution of the energy density parameter
for radiation (dash-dotted lines), total matter (dashed lines) and DE (solid lines). Bottom left panel: Ratio between
the density parameters. Top right panel: Interacting function associated to the CPL parameterization. The dotted line
corresponds to the non-interacting case (ΛCDM model). Bottom right panel: Ratio between 푟̄ (푎) and 푟̃ (푎). The dotted
line has no physical meaning here and is only shown as a visual guide to indicate the axis
the two approaches,
푟̄ (푎) = 푟̄0 exp
[
3푤푎 (1 − 푎)
]
푎3(푤0+푤푎) and 푟̃ (푎) = −1 +푤0 +푤푎 (1 − 푎) + 푟̄0 exp
[
3푤푎 (1 − 푎)
]
푎3(푤0+푤푎)
푤0 +푤푎 (1 − 푎)
. (69)
The interacting term associated to the CPL parameterization can then be obtained from combining Eq. (22) with
the second relation of Eq. (69),
푓̃ (푟̃) =
{
3푤0
(
1 +푤0
)
+푤푎
[
3 + 6푤0 − 2푎
(
1 + 3푤0
)]
+ 3푤2푎 (1 − 푎)
2}{푟̄0푎3(푤0+푤푎) + exp [−3푤푎 (1 − 푎)]}
3
[
푤0 +푤푎 (1 − 푎)
] {
푟̄0푎3(푤0+푤푎) +
[
1 +푤0 +푤푎 (1 − 푎)
]
exp
[
−3푤푎 (1 − 푎)
]} .
(70)
In Fig. 4, we provide the analogous version of Fig. 1 for the CPL parameterization. As in the previous case, one can
see that the interaction only strongly affects the background dynamics at late times, keeping unchanged the background
dynamics at the last scattering surface and at the time of matter-radiation equality.
Due to the fact that in this case the interaction is described by two free parameters, the corresponding interacting
model is more complex. In this case for example, depending on the choice of the parameters 푤0 and 푤푎, the sign ofthe function 푓̃ (푟̃) can change with time, which implies that the direction of the energy transfer changes, as can be seen
from Eq. (20). Models with this particular feature are called “sign-changeable” models, and recently, some particular
cases have been proposed in order to resolve the 퐻0 tension [88, 89]. In particular, if the condition 푤0 + 푤푎 = −1is satisfied, the interaction is negligible at early times, becoming dynamically relevant only at late times, as the dark
energy approaches a cosmological constant for 푎 → 0. This condition is satisfied for our choice of model parameters
(푤0 = −0.9 and 푤푎 = −0.1). Correspondingly, we observe that 푓̃ (푟̃) only becomes non-vanishing for 푧 ≲ 101.Fig. 5 is the analog to Fig. 2 for the CPL parameterization. Again, for our parameter choices given in Eq. (61),
CPL gives similar results to 푤CDM for all CMB power spectra and for the gravitational potentials, but with a slightly
smaller difference between the two approaches. Likewise, Fig. 6 is the analog to Fig. 3 with the same qualitative
behavior, including a late-time suppression exhibited in the interacting CDM clustering.
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Figure 5: Perturbative CMB quantities for the CPL parameterization in both approaches (dynamical DE and interacting
scenario). The cosmological parameters were fixed as in Eq. (61). Top left panel: Lensed CMB temperature anisotropy
power spectrum. Bottom left panel: Lensed CMB polarization (EE) power spectrum. Top right panel: Gauge-invariant
gravitational potentials Ψ and Φ at 푘 = 0.1ℎ∕Mpc. Bottom right panel: CMB lensing-potential power spectrum.
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Figure 6: Perturbative matter quantities for the CPL parameterization in both approaches (dynamical DE and interacting
scenario). The cosmological parameters were fixed as in Eq. (61). Left panel: Density contrast for baryons and CDM
components at 푘 = 0.1ℎ∕Mpc. Right panel: Total matter power spectrum at 푧 = 0.
4.3. BA parameterization
For our last dynamical DE parameterization, we consider the model proposed in Ref. [27], where the DE EoS is
given by
푤̄푥 (푎) = 푤0 +푤푎
(1 − 푎)
1 + 2푎 (푎 − 1)
. (71)
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The parameterization is particularly interesting because in contrast to CPL it is a limited function of redshift through-
out the entire evolution of the Universe since 푤̄푥 (푎) does not diverge in the limit 푎 → ∞. In the dynamical DEparameterization approach, the energy densities of the dark components become
휌̄푐 =
3퐻20
8휋퐺
Ω̄푐0푎−3 and 휌̄푥 =
3퐻20
8휋퐺
Ω̄푥0푎−3(1+푤0)
[
1 +
(1 − 푎
푎
)2]3푤푎∕2
, (72)
which leads to the following solutions for the interacting background energy densities,
휌̃푐 =
3퐻20
8휋퐺
{
Ω̄푐0 + Ω̄푥0푎−3푤0
[
1 +푤0 +푤푎
(1 − 푎)
1 + 2푎 (푎 − 1)
] [
1 +
(1 − 푎
푎
)2]3푤푎∕2}
푎−3 , (73)
휌̃푥 = −
3퐻20
8휋퐺
Ω̄푥0푎−3(1+푤0)
[
푤0 +푤푎
(1 − 푎)
1 + 2푎 (푎 − 1)
] [
1 +
(1 − 푎
푎
)2]3푤푎∕2
. (74)
From these relations, the ratio between the CDM and DE energy densities in the dynamical DE and interacting
scenarios are given by
푟̄ (푎) = 푟̄0푎3푤0
[
1 +
(1 − 푎
푎
)2]−3푤푎∕2
and 푟̃ (푎) = −
1 +푤0 +푤푎
(1−푎)
1+2푎(푎−1) + 푟̄0푎
3푤0
[
1 +
(
1−푎
푎
)2]−3푤푎∕2
푤0 +푤푎
(1−푎)
1+2푎(푎−1)
. (75)
Lastly, using the second term in Eq. (75) in Eq. (22), one obtains the interacting term associated to the BA param-
eterization,
푓̃ (푟̃) = −1 +
{
푤푎 [1 + 2푎 (푎 − 2)]
(
2 − 2
푎
+ 1
푎2
)3푤푎∕2
푎1−3푤0 + 푟̄0
[
− 3
(
푤0 + 2푤0푎 (푎 − 1)
)2
− 6푤0푤푎
+푤푎푎
(
1 + 18푤0 + 2푎 (푎 − 2)
(
1 + 6푤0
))
− 3푤2푎 (푎 − 1)
2
]}{
3
[
푤0 + 2푤0푎 (푎 − 1) +푤푎 (1 − 푎)
]
[(
1 + 2푎 (푎 − 1)
)
푟̄0 +
(
1 +푤0 + 2푎 (푎 − 1)
(
1 +푤0
)
+푤푎 (1 − 푎)
)(
2 − 2
푎
+ 1
푎2
)3푤푎∕2
푎−3푤0
]}−1
.(76)
Analogously to the analysis performed in Secs. 4.1 and 4.2 for the 푤CDM and CPL parameterizations, in Fig. 7
we show the dynamically relevant background physical quantities to assess the difference between the dynamical DE
and interacting approaches for the BA parameterization. One can see from the top right-hand panel that in this case,
adopting 푤0 = −0.9 and 푤푎 = −0.1, the model produces a sign-changeable interacting scenario. Physically, thismeans that the direction of the background energy transfer changes in time. Once again, the condition 푤0 +푤푎 = −1leads to a vanishing interaction at early times.
Analogously to Figs. 2 and 5, the same CMB quantities are shown in Fig. 8. In this particular case, for our choice
of cosmological parameters given in Eq. (61), the difference between the two approaches in the ISW is of comparable
magnitude to the other cases whereas CMB lensing effects are considerably weaker in comparison to푤CDM and CPL.
The difference due to the ISW effect can be seen in the low 퓁 region of the top left-hand panel of Fig. 8, which is in
agreement with the panel on the top right-hand side. On the other hand, the tiny difference due to lensing effects can be
seen in the bottom right-hand panel. As a consequence of this small effect, the difference in the temperature CMBpower
spectrum (for high values of 퓁) and for the polarization (EE) CMB power spectrum are also tiny. Lastly, analogously
to Figs. 3 and 6, Fig. 9 shows the matter perturbation quantities for the BA parameterization with comparable results.
5. Statistical analysis
With the dark degeneracy at the level of the cosmological background and linear perturbations elaborated in Sec. 3
and the introduction of three example parametrizations of the dark sector that break the degeneracy at the linear level
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Figure 7: Background quantities for the BA parameterization in both approaches (dynamical DE and interacting scenario).
The cosmological parameters were fixed as in Eq. (61). Top left panel: Time evolution of the energy density parameter
for radiation (dash-dotted lines), total matter (dashed lines) and DE (solid lines). Bottom left panel: Ratio between
the density parameters. Top right panel: Interacting function associated to the BA parameterization. The dotted line
corresponds to the non-interacting case (ΛCDM model). Bottom right panel: Ratio between 푟̄ (푎) and 푟̃ (푎). The dotted
line has no physical meaning here and is only shown as a visual guide to indicate the axis.
in Sec. 4, we shall now turn to performing a Bayesian statistical parameter estimation analysis of the three parametriza-
tions in each of the two scenarios, dynamical DE and the interacting counterpart. For this purpose, we employ data
from type Ia Supernovae (SNe Ia), Baryonic Acoustic Oscillations (BAO), Cosmic Chronometers (CC) and the full
CMB data from Planck, which encompasses information from temperature and polarization maps and the lensing
reconstruction, Planck(TT,TE,EE+lowE+lensing).
For this analysis we use a modified version of the CLASS code and its embedding in MONTEPYTHON [90, 91]
to conduct the Markov Chain Monte Carlo (MCMC) sampling of the parameter space. The statistical analysis of
the chains is performed with the integrated GETDIST code, which we also employ to produce figures representing
the resulting likelihoods in the parameter space. For all our chains, we require that the Gelman-Rubin convergence
parameter satisfies the condition 푅̂ − 1 < 0.01 [92].
We divide our statistical analysis into two parts: in the first stage we consider only background data from SNe
Ia, BAO and CC, whereas for the second stage we follow the analysis of the latest Planck paper [6], adopting the
background parameterization (푤0,푤푎) and employing the Planck data (TT,TE,EE+lowE+lensing) combined with theSNe Ia and BAO data. In the first analysis, since the background data cannot distinguish baryons and CDM even in the
interacting approach, the baryonic component is fixed according to the latest Planck results [6]. Thus, the set of free
cosmological parameters we consider is {Ω̄푐0/Ω̃푐0,퐻0,푤0,푤푎}7. Since the background degeneracy is maintained andall the background data we have used are based on measure distances, in principle the statistical analysis should give
identical results for both approaches, i.e., they should lead to the same best-fit and posterior distributions. However
for finite MCMC chains there will be tiny differences in the parameter constraints. In agreement with this expectation,
the background corner plots in Appendix B, Figs. 13, 14 and 15 , show that the results of the two approaches are
indeed compatible. Note that the same result for both approaches means that they should have exactly the same best-
fit/posterior distribution for 퐻0, 푤0 and 푤푎 but not for Ω̄푐0/Ω̃푐0. Since 푤̄푥 (푎 = 1) = 푤0 for all cases analyzed here,Eq. (29) leads to the condition Ω̃푐0 = Ω̄푐0 + Ω̄푥0
(
1 +푤0
), where, neglecting radiation, Ω̄푥0 = 1 − Ω̄푐0 − Ω̄푏0. Thisrelation must be verified for the best-fit values and the posterior distributions must satisfy the error propagation.
In the second analysis the set of free cosmological parameters we consider is {휔푏, 휔푐 , 퐻0, 휏푟푒푖표, ln
(
1010퐴푠
),
푛푠, 푤0, 푤푎}, where 휔푏 ≡ Ω푏0ℎ2, 휔푐 ≡ Ω푐0ℎ2, 휏푟푒푖표 is the reionization optical depth, 퐴푠 is the initial super-horizonamplitude of curvature perturbations at 푘pivot = 0.05 Mpc−1 and 푛푠 is the primordial spectral index. In order to assessLSS tensions, the matter fluctuation amplitude 휎8 is also computed as a derived parameter. In the perturbative case,since the degeneracy is broken, no identical results/algebraic relations are expected a priori. In both analyses we have
7For the 푤CDM model 푤푎 is zero.
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Figure 8: Perturbative CMB quantities for the BA parameterization in both approaches (dynamical DE and interacting
scenario). The cosmological parameters were fixed as in Eq. (61). Top left panel: Lensed CMB temperature anisotropy
power spectrum. Bottom left panel: Lensed CMB polarization (EE) power spectrum. Top right panel: Gauge-invariant
gravitational potentials Ψ and Φ at 푘 = 0.1ℎ∕Mpc. Bottom right panel: CMB lensing-potential power spectrum.
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Figure 9: Perturbative matter quantities for the BA parameterization in both approaches (dynamical DE and interacting
scenario). The cosmological parameters were fixed as in Eq. (61). Left panel: Density contrast for baryons and CDM
components at 푘 = 0.1ℎ∕Mpc. Right panel: Total matter power spectrum at 푧 = 0.
used wide flat priors.
An important difference between the dynamical and interacting approaches is that 푤0 and 푤푎 imply different phe-nomenology, for instance, in the interacting approach they affect the CDM evolution. This implies that parameter
uncertainties and correlations between different parameters can be different. In particular, we expect a stronger corre-
lation between 푤0 and 푤푎 and the CDM density parameter in the interacting approach, but as a consequence of this,we also expect that uncertainties in 푤0 and 푤푎 propagate to the CDM component, yielding larger errors on Ω̃푐0 and
휎̃8.
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5.1. Data
Before presenting the results of the parameter estimation analysis in Sec. 5.2, we shall give a brief discription of
the datasets we employ. More precisely, the datasets employed are the following:
• SNe Ia: For the type Ia SNe data, we use the 1048 distance moduli from the Pantheon sample [93, 94] with
its covariance matrix (taking into account the statistical and systematic errors)8. The Pantheon catalog contains
data points of peak magnitudes in the rest frame of the B band 푚퐵 , which is related to the distance modulus as
휇 = 푚퐵 +푀 . The theoretical prediction for the distance modulus is given by
휇 (푧) = 5 log
[
푑퐿 (푧)
1Mpc
]
+ 25 , (77)
where 푑퐿 is the luminosity distance
푑퐿 (푧) = (1 + 푧)∫
푧
0
푑푧̃
퐻 (푧̃)
. (78)
• Cosmic Chronometers: We use 30 data points obtained from differential ages of passively evolving old galax-
ies whose redshifts are known. Combining these quantities, it is possible to obtain model-independent measure-
ments of the Hubble expansion rate at different redshifts [95, 96, 97, 98, 99, 100]. The collection of data points
is summarized in Ref. [100].
• BAO: Following the latest Planck results [6], we use BAO data from the 6dF Galaxy Survey [101] and BOSS-
DR12 [7]. We avoid using further available dataset, e.g., the BAO data fromWiggleZ [102], since there is some
overlap in the region of sky with the data we already use with unknown correlations. For the BAO data, the
important physical quantities are the sound horizon of the primordial photon-baryon plasma at the drag epoch,
the angular diameter distance and the dilation scale [103]. These are respectively given by
푟푠 = ∫
∞
푧푑푟푎푔
푐푠 (푧)
퐻 (푧)
푑푧 , 푑퐴 =
1
1 + 푧 ∫
푧
0
푑푧̃
퐻 (푧̃)
and 퐷푉 =
[
(1 + 푧)2 푑퐴
푧
퐻 (푧)
]1∕3
, (79)
where 푐푠 denotes the sound speed in the primordial photon-baryon plasma. Since the baryon and radiationcomponents are unaffected in the models we consiser, 푐푠 can be obtained from the usual expression valid for the
ΛCDM model,
푐푠 =
1√
3
[
1 + 4Ω푏04Ω푟0 (1 + 푧)
−1
] . (80)
• Planck(TT, TE, EE+lowE+lensing): Finally, we employ the most recent full CMB data from the temperature
maps, polarization maps and lensing reconstruction through the Commander and Plik codes9 [104]. In general,
Planck data cannot strongly constrain the 푤0 and 푤푎 parameters of the dynamical DE scenario (which is thereason we decide to combine the data with SNe Ia and BAO data). In the interacting approach, however, we
expect stronger constraints from the CMB since there these parameters affect the CDM evolution.
5.2. Results
Having discussed the models tested in Sec. 4 and the observational data employed in Sec. 5.1, we now present
the results of our parameter estimation analysis. For simplicity, when results are presented for both the dynamical DE
scenarios and their interacting counterparts in combined tables and figures, we allow ourselves to avoid the bar/tilde
notation, but it is implicit that each result corresponds to the respective scenario. For example in Tab. 1, the column
Ω푐0 corresponds to Ω̄푐0 when it refers to a dynamical DE model and to Ω̃푐0 for the interacting dark sector models.We will first present the parameter constraints obtained from the background data in Sec. 5.2.1 and then in Sec. 5.2.2
present the results inferred from the combination with CMB data.
8The Pantheon data as well as its covariance matrix can be downloaded from github.com/dscolnic/Pantheon.
9Likelihood codes and the data can be downloaded from pla.esac.esa.int/pla.
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Model Ω푐0 퐻0 푤0 푤푎 휒2푚푖푛
ΛCDM 0.303+0.013−0.012 69.3
+1.3
−1.4 * * 1046.9
푤̄CDM 0.303+0.013−0.013 68.8
+1.7
−1.7 −0.999
+0.045
−0.044 * 1046.7푤̃CDM 0.303+0.034−0.029 69.0
+1.8
−1.7 −0.998
+0.046
−0.042
CPL 0.298+0.014−0.016 68.8
+1.8
−1.6 −1.043
+0.072
−0.100 0.39
+0.69
−0.30 1045.5
C̃PL 0.261+0.053−0.086 68.8
+1.7
−1.7 −1.055
+0.069
−0.110 0.38
+0.74
−0.25
BA 0.298+0.014−0.015 68.6
+1.8
−1.8 −1.057
+0.079
−0.088 0.32
+0.36
−0.27 1045.5
B̃A 0.256+0.063−0.071 68.7
+1.8
−1.8 −1.058
+0.079
−0.088 0.32
+0.38
−0.27
Table 1
Results of the background statistical analysis. As expected, since by construction the models in the dynamical and
interacting approaches yield equivalent distance measures, constraints on the background parameters, except for Ω푐0,
agree between the two approaches. The differences in Ω푐0 are consistent with Ω̃푐0 = Ω̄푐0 + Ω̄푥0
(
1 +푤0
)
. The corner plots
associated with this analysis are shown in App. B.
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Figure 10: Probability distribution functions for the CDM energy density parameter today. Red lines indicate results for
the dynamical DE scenarios whereas blue lines show the interacting counterparts. In all cases, constraints are weaker for
the interacting scenarios because of the influence of 푤0 and 푤푎 on the CDM dynamics, which implies that uncertainties
in 푤0 and 푤푎 propagate to Ω̃푐0. For all models the relation Ω̃푐0 = Ω̄푐0 + Ω̄푥0
(
1 +푤0
)
is satisfied. Left panel: 푤CDM
parameterization. Middle panel: CPL. Right panel: BA .
5.2.1. Background analysis
As discussed in Sec. 5.1, our statistical analysis of the background employs the SNe Ia, BAO, and CC data. The
resulting parameter constraints on all our models is presented in Tab. 1. The probability density functions (PDFs) for
Ω푐0 obtained from the background analysis are shown in Fig. 10, and the complete corner plots can be found in App. B.Note that due to the degeneracy of the dark sector at the background level, for a given model only the results for Ω푐0change. One can see that for the interacting dark sector approach these are considerably larger. As expected, in the
interacting approach we have a weakening of the parameter constraints for the CDM density contrast. Physically, this
is related to the fact that 푤0 and 푤푎 are no longer restricted to changing the DE component, but they directly affectboth the CDM and DE evolutions. Therefore, the uncertainties related to 푤0 and 푤푎 also propagate to Ω̃푐0.
5.2.2. CMB analysis
Next, we present our results from the analysis including the Planck CMB data (TT, TE, EE+lowE+lensing), which
is employed in combination with SNe Ia+BAO. A summary of the parameter constraints inferred is given in Tab. 2.
As already discussed in connection to Figs. 2, 5 and 8, the two main effects of the interactions on the CMB are on
the lensing and the ISW effect. Since the differences in CMB lensing are small and the large cosmic variance cannot
strongly constrain the CMB power spectrum at low 퓁, no relevant difference appears for the best-fits. However, since
푤0 and 푤푎 govern the interacting CDM component, two new features appear in the CMB results when compared tothe dynamical DE scenario. The first feature is the significant widening of the uncertainties on Ω̃푐0 and 휎̃8, whichas a consequence is likely to soften the tension between CMB and LSS data. Fig. 11 shows the Ω푚0 − 휎8 corner
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Parameter ΛCDM 푤̄CDM 푤̃CDM CPL C̃PL BA B̃A
10−2휔푏 2.243+0.014−0.013 2.238
+0.015
−0.015 2.239
+0.014
−0.015 2.236
+0.013
−0.014 2.235
+0.013
−0.015 2.225
+0.015
−0.015 2.228
+0.015
−0.016
휔푐 0.1193+0.00094−0.00091 0.1198
+0.0011
−0.0011 0.1126
+0.0120
−0.0090 0.1201
+0.0011
−0.0012 0.1208
+0.0250
−0.0240 0.1194
+0.0013
−0.0014 0.1175
+0.0215
−0.0210
퐻0 67.71+0.42−0.42 68.39
+0.78
−0.81 68.17
+0.83
−0.90 68.32
+0.78
−0.85 68.17
+0.86
−0.83 68.15
+0.84
−0.83 68.08
+0.79
−0.80
휏푟푒푖표 0.0571+0.0071−0.0076 0.0556
+0.0068
−0.0080 0.0566
+0.0066
−0.0085 0.0541
+0.0070
−0.0074 0.0553
+0.0070
−0.0074 0.064
+0.015
−0.014 0.068
+0.013
−0.013
ln
(
1010퐴푠
)
3.049+0.014−0.015 3.047
+0.013
−0.016 3.048
+0.014
−0.016 3.044
+0.013
−0.015 3.046
+0.012
−0.014 3.061
+0.027
−0.027 3.069
+0.023
−0.024
푛푠 0.9663+0.0039−0.0038 0.9652
+0.0042
−0.0040 0.9654
+0.0043
−0.0039 0.9645
+0.0039
−0.0041 0.9646
+0.0043
−0.0045 0.9648
+0.0047
−0.0047 0.9658
+0.0045
−0.0046
푤0 * −1.031+0.034−0.029 −1.021
+0.035
−0.032 −0.963
+0.081
−0.076 −0.997
+0.077
−0.076 −0.987
+0.071
−0.071 −1.004
+0.066
−0.065
푤푎 * * * −0.27+0.30−0.27 −0.12
+0.34
−0.26 −0.08
+0.16
−0.15 −0.03
+0.15
−0.14
휎8 0.8106+0.0060−0.0063 0.8197
+0.0110
−0.0120 0.8571
+0.051
−0.079 0.822
+0.011
−0.012 0.832
+0.095
−0.170 0.823
+0.012
−0.012 0.848
+0.084
−0.153
휒2푚푖푛 3810 3808 3808 3806 3806 3807 3807
Table 2
Results of the statistical analysis employing Planck CMB data. Even though the linear degeneracy is broken by setting
the DE sound speed to unity, the parameter estimates and constraints between the dynamical and interacting approaches
only change slightly in all models. More precisely, the difference is more pronounced for 푤CDM model, where changes
are within 0.7휎, whereas for CPL and BA changes are within 0.3휎. This is due to the main difference between the two
approaches arising from the lensing and ISW effects, which are small in magnitude. The uncertainties in the cosmological
parameters associated to the CDM component are also considerably widened for the interacting approach in all scenarios.
This also applies to the current CDM abundance, indicated here by 휔푐 and the matter fluctuation amplitude 휎8.
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Figure 11: Contour plots for Ω푚0 − 휎8. Results of the dynamical DE approach are presented in red whereas those of
the interacting counterpart are shown in blue. As in the background case, the fact that 푤0 and 푤푎 also affect the CDM
evolution in the interacting approach results in a considerable widening of the parameter uncertainties for Ω푚0 and 휎8. Left
panel: 푤CDM parametrization. Middle panel: CPL. Right panel: BA .
plot for the three different parametrizations in both the dynamical DE and interacting scenarios. The second feature
is the correlation between Ω̃푐0 and the parameters 푤0 and 푤푎. This correlation makes it easier to distinguish theinteracting models from ΛCDM than for the dynamical DE models with future data, e.g., from the next-generation
LSS surveys. This particularly holds for the CPL and BA parameterizations, which have two free parameters. Fig. 12
shows the correlation between the parameters Ω푚0,푤0 and푤푎 for the dynamical DE and interacting scenarios. For allparametrizations, this correlation can also be observed in the full CMB triangle plots presented in App. B.
6. Conclusions
In this first paper of a series on the dark degeneracy, we have explored the degeneracy between dynamical DE
parameterizations and vacuum interacting DE models (푤̃푥 = −1). We have first derived a general mapping betweenthe two. At the background level, the dynamical DE approach is characterized by the DE EoS parameter 푤푥 (푎),whereas the dark sector interaction is characterized by the ratio 푟 between the CDM and DE energy densities. At linear
level of scalar perturbations we have specified the DE pressure perturbation (or equivalently the DE sound speed) and
anisotropic stress that causes a degeneracy. For tensor perturbations, the dark degeneracy is tied to the condition that
the anisotropic stress is identical between the two approaches.
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Figure 12: Contour plot 푤0-푤푎, colour-coded by Ω푚0. The difference in the parameter correlations between the dynamical
and interacting approaches becomes explicit. In the dynamical DE picture (right-hand panels) one can see a weak (diffuse)
correlation between the parameters, whereas in interacting scenario (left-hand panels) one can see a strong correlation
between them. This correlation makes it easier to distinguish the interacting models from ΛCDM as compared to the
dynamical DE models. Top left-hand panel: CPL. Top right-hand panel: C̃PL. Bottom left-hand panel: BA. Bottom
right-hand panel: B̃A.
For illustration of the degeneracy, we adopted three particular interacting models based on three well-established
DE parameterizations: 푤CDM, CPL and BA. We then broke the dark degeneracy at the linear level by setting the
comoving DE sound speed to unity (푐2푠 = 1) in both approaches. Other parameter values of these models were chosensuch that the dark sector interaction only becomes dynamically relevant at late times. As a consequence, the early
time physics, e.g., the last scattering and the matter-radiation equality occur at the same epoch in both approaches.
Because of this “equivalence” at early times, therefore only integrated effects (lensing and ISW) should distinguish
between the dynamical and interacting approaches in the CMB power spectra. Similarly, the positions of the maximum
of the matter power spectrum would not differ. We have then computed the CMB temperature, polarization (EE)
and lensing-potential power spectra, finding only small differences between the lensing and ISW effects of the two
approaches. Futhermore, we separately analyzed the respective behavior of the gauge-invariant metric potentials, the
matter density contrast for CDM and baryons and the total matter power spectrum. For all models, the CDM density
contrast undergoes a suppression at late times in the interacting scenario. This also reflects on the current total matter
power spectrum, where the interacting approach shows a considerable decrease in amplitude.
Lastly, we have performed a full Bayesian statistical parameter estimation analysis of all three models in each of
the two scenarios, dynamical DE and the interacting case. We divided our analysis into two parts: in the first analysis
we only employed background data from type Ia Supernovae (SNe Ia), Baryonic Acoustic Oscillations (BAO) and
Cosmic Chronometers (CC), and in the second analysis, we used the Planck CMB data (TT,TE,EE+lowE+lensing)
in combination with the SNe Ia and BAO data. The two analyses led to qualitatively similar results: the dynamical
and interacting descriptions yield almost the same best-fit values and exhibit similar posterior distributions for almost
all parameters, except for Ω푐0 and 휎8, for which the constraints are considerably weakened in the interacting vacuumDE picture. For the background analysis this agreement in the constraints is expected by construction since both
approaches give the same Hubble rate. However, for the CMB analysis, the results imply that the degeneracy we broke
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by setting 푐2푠 = 1 for both approaches is not sufficient for distinguishing the two descriptions.The difference in the constraints onΩ푐0 and 휎8 arise from the fact that푤0 and푤푎 do not only affect the DE dynamicsin the interacting description but also change the CDM dynamics. For that reason, the uncertainties associated with
푤0 and 푤푎 also propagate to Ω푐0 and 휎8. The weakening of these parameter constraints can be used to ease tensionsbetween the KiDS and DES measurements of the matter perturbations with respect to their counterparts from Planck.
In particular, one might argue that the error bars may be underestimated in non-interacting approaches. The ambiguity
on the strength of the constraints on Ω푚0 and 휎8 shows that one has to be careful when assessing the significance of atension. Indeed, as we have shown here, models with very similar phenomenology may yield very different constraints.
Another important issue encountered in our statistical results is that since in the interacting perspective 푤0 and
푤푎 affect not only the DE evolution but also the CDM evolution, their correlation with other cosmological parametersdepends on the particular approach taken. The main differences appear in the correlation of 푤0 and 푤푎 with Ω푐0 and
휎8. This can naïvely be understood from the alignment in the contour of the corner plots presented in Appendix B. Forexample, for the dynamical DE approach, all contour plots푤0−Ω푐0 have vertical alignment, whereas for the interactingapproach, the contour plots exhibit a diagonal alignment. This stronger correlation makes it easier to distinguish the
interacting approach from ΛCDM because the deviations from the standard value of Ω푚0 lead to different values of
푤0 and 푤푎. In this context, the differences between the two approaches we found in the matter perturbations suggestthat LSS data, e.g., Redshift-Space Distortions (RSD) and CMB cross-correlations with foreground galaxies through
the ISW could provide interesting probes for testing these models and further assess the extent of the dark degeneracy.
We leave this task for future work.
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A. General description of the dark degeneracy
In Sec. 3 we restricted ourselves to the mapping between dynamical DE and the vacuum interacting DE approaches.
However, in the most general case, one can regard scenarios where the DE component is both dynamical and interacting
with the CDM component. Such a scenario has recently been proposed in the context of the퐻0 tension [105, 106].Let us consider two different general descriptions for the dark sector, denoted by the subindex 1 and 2. At the
background level, each description shall be characterized by a DE EoS parameter 푤푖푥 and an interaction function 푄푖(or equivalently, as discussed in Sec. 2.2, the ratio between CDM and DE energy densities 푟푖) with 푖 = 1, 2. Since thebackground degeneracy condition follows from the equality in the unified dark EoS parameter (given by the second
relation in Eq. (8)) of the two approaches, if only푤1푥 and 푟1 are known, this single constraint cannot establish a uniquedegenerate solution for 푤2푥 and 푟2. Instead, for the background degeneracy, three of the time-dependent functions
{푤1푥, 푤2푥, 푟1, 푟2} must be known. Using the second term of Eq. (8), the generalization of the background degeneracycondition (푤푑1 = 푤푑2) takes the form
푤1푥
1 + 푟1
=
푤2푥
1 + 푟2
, (81)
where now the ratio between CDM and DE must satisfy the generalization of Eq. (21),
푟̇푖 + 3퐻푟푖
[
푓푖
(
푟푖
)
−푤푖
]
= 0 . (82)
In practice, for a given dark sector description (푤1푥 and 푟1), one can always choose a DE EoS parameter 푤2푥 and findan interaction 푟2 that satisfies the background degeneracy condition, or in a symmetric way, it is possible to choosean interaction (via 푟2 or via 푓2) and determine the DE EoS parameter 푤2푥 that satisfies the background degeneracycondition. Note that, in the last case, if the interaction is chosen via 푟2, 푤2푥 can easily be obtained from Eq. (81). In
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contrast, if the interaction is chosen via 푓2, one must first solve Eq. (81) for푤2푥 and then replace it in Eq. (82) to obtain
푟2. Subsequently, 푤2푥 is again obtained from Eq. (81).For the background energy density solutions of the dark components, Eqs. (29) and (30) can be generalized as
휌2푐 = 휌1푐 + 휌1푥
(
1 −
푤1푥
푤2푥
)
, (83)
휌2푥 =
푤1푥
푤2푥
휌1푥 . (84)
Themain difference in this general case lies in the linear-level perturbations because now theDE velocity is dynami-
cally relevant for both approaches. For scalar perturbations, the Einstein equations are still given by Eqs. (37), (38), (39)
and (40) and energy-momentum conservation is respectively given by Eqs. (41) and (42). To obtain identical geomet-
rical quantities at the linear order, the Einstein equations must satisfy the constraints
훿휌1푐 + 훿휌1푥 = 훿휌2푐 + 훿휌2푥 , (85)
휌1푐휃1푐 + 휌1푥
(
1 +푤1푥
)
휃1푥 = 휌2푐휃2푐 + 휌2푥
(
1 +푤2푥
)
휃2푥 , (86)
훿푝1푥 = 훿푝2푥 , (87)
휌1푥
(
1 +푤1푥
)
휎1푥 = 휌2푥
(
1 +푤2푥
)
휎2푥 . (88)
As for the scenario analyzed in Sec. 3.2.1, the constraints on the DE pressure perturbations and DE anisotropic stress,
here given by Eqs. (87) and (88), are simply algebraic relations. In this case, for the energy density perturbation and
velocity, Eqs. (85) and (86) provide two constraints for four variables (훿휌2푐 , 훿휌2푥, 휃2푐 and 휃2푥)10. Hence, to closethe system, the energy-momentum conservation must be used. Similarly to the procedure followed in Sec. 3.2.1, we
take the derivatives of Eqs. (85) and (86) and solve them for 훿휌′2푐 and 휃′2푐 respectively. Afterwards, we replace theresults for 훿휌′2푐 /휃′2푐 in the energy/momentum conservation equations of the CDM component of approach 2. Using thebackground degeneracy conditions (83) and (84) and the relations for the DE pressure perturbation and DE anisotropic
stress (87) and (88) combined with the conservation equations for description 1, it is straightforward to show the DE
energy/momentum conservation of approach 2. A symmetric procedure can be followed in solving Eqs. (85) and (86)
for 훿휌′2푥 and 휃′2푥 as a starting point, which leads to the CDM energy/momentum conservation equations of approach
2. This means that if the background degeneracy conditions and the conditions on the DE pressure perturbation and
DE anisotropic stress are satisfied, the solutions for the energy density perturbation and velocity from the conservation
equations automatically satisfy the dark degeneracy at the linear order.
B. Corner plots
For completeness, we show the corner plots obtained from the statistical analysis presented in Sec. 5. We reiterate
that allMCMCprocesses were performed usingMONTEPYTHON and the analysis of the chains as well as the generation
of the plots were made using GETDIST. All of the analyses satisfy the condition 푅̂ − 1 < 0.01 for the Gelman-Rubin
convergence parameter.
B.1. Background corner plots
In the background analysis, as already mentioned, the different approaches yield equivalent distance measures by
construction. This implies that the same results must be obtained in the background analysis, which means the same
best-fits and posterior distributions for all parameters except for Ω푐0. For the CDM density parameter the relation
Ω̃푐0 = Ω̄푐0 + Ω̄푥0
(
1 +푤0
) must be satisfied, including error propagation. Figs. 13, 14 and 15 show the background
corner plots for the푤CDM, CPL and BA parameterizations respectively. For all plots, red lines indicate the dynamical
DE approach whereas blue lines refer to interacting vacuum DE. For all analyses the results are in good agreement
between the two approaches and tiny differences correspond to fluctuations due to finite MCMC processes.
B.2. Planck corner plots
Since the linear degeneracy is broken by the assumption that the DE sound speed is unity regardless of taking a
dynamical or interacting approach, the statistical analysis using CMB data was not a priori expected to yield coinciding
10Note that the description 1 is assumed to be known.
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Figure 13: Corner plot for the 푤CDM model using background data from SNe Ia (Pantheon), Cosmic Chronometers and
BAO. Results for the dynamical DE approach are presented in red whereas those for the interacting counterpart are shown
in blue. Except for the first column, the contours and constraints coincide. In the first column we can see the widening
of the uncertainties on Ω̃푐0 and the different correlation between Ω푐0 and 푤0 between the dynamical and interacting
approaches.
results. However, given that all models we have analyzed describe the same physics at the last-scattering epoch in
either approach, no significant differences translate to the statistical results. This is because the differences in the two
integrated effects on the CMB power spectra are not significant. The first effect is the CMB lensing, which differs
between the two approaches because the matter distribution is different. However, as can be seen from the bottom
right-hand panels of Figs. 2, 5 and 8, the changes are small. The second is the ISW effect, which is related to the
rate at which the lensing potential changes. In this case, although the difference is a bit larger, as can be seen in the
region of low 퓁 in the top left-hand panels of Figs. 2, 5 and 8, the large cosmic variance prevents the CMB data from
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Figure 14: Corner plot for the CPL parameterization using background data from SNe Ia (Pantheon), Cosmic Chronometers
and BAO. Results for the dynamical DE approach are presented in red whereas those for the interacting counterpart are
shown in blue. Except for the first column, the contours and constraints coincide. In the first column we can see the
widening of the uncertainties on Ω̃푐0 and the different correlation between Ω푐0 and both 푤0 and 푤푎 between the dynamical
and interacting approaches.
distinguishing between the dynamical and interacting approaches. Figs. 16, 17 and 18 show the corner plots for the
analysis of the Planck (TT,TE,EE+lowE+lensing) data combined with the SNe Ia and BAO data for the푤CDM, CPL
and BA parameterizations, respectively. Red lines again indicate the dynamical DE approach whereas blue lines refer
to interacting vacuum DE.
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Figure 15: Corner plot for the BA parameterization using background data from SNe Ia (Pantheon), Cosmic Chronometers
and BAO. Results for the dynamical DE approach are presented in red whereas those of the interacting counterpart are
shown in blue. Except for the first column, the contours and constraints coincide. In the first column we can see the
widening of the uncertainties on Ω̃푐0 and the different correlation between Ω푐0 and both 푤0 and 푤푎 between the dynamical
and interacting approaches.
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Figure 16: Corner plot for the 푤CDM model using Planck (TT,TE,EE+lowE+lensing), SNe Ia (Pantheon) and BAO data.
Results for the dynamical DE approach are presented in red whereas those for the interacting counterpart are shown in blue.
Except for the second column, second row and eighth row, the contours and constraints coincide. The second column and
the second row are related to 휔푐 , and as for the background analysis we can see the widening of the uncertainties and the
different correlations between 휔푐 and 푤0 between the dynamical and interacting approaches. The eighth row is associated
to 휎8, where a widening of the uncertainties and a difference in the correlation with 푤0 is a natural consequence of the
differences in 휔푐 .
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Figure 17: Corner plot for the CPL parameterization using Planck (TT,TE,EE+lowE+lensing), SNe Ia (Pantheon) and
BAO data. Results for the dynamical DE approach are presented in red whereas those for the interacting counterpart are
shown in blue. Except for the second column, second row and ninth row, the contours and constraints coincide. The
second column and the second row are related to 휔푐 , and as for the background analysis, we can see the widening of
the uncertainties and the different correlations between 휔푐 and both 푤0 and 푤푎 between the dynamical and interacting
approaches. The eighth row is associated to 휎8, where a widening of the uncertainties and a difference in the correlation
with both 푤0 and 푤푎 is a natural consequence of the differences in 휔푐 .
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Figure 18: Corner plot for the BA parameterization using Planck (TT,TE,EE+lowE+lensing), SNe Ia (Pantheon) and
BAO data. Results for the dynamical DE approach are presented in red whereas those for the interacting counterpart are
shown in blue. Except for the second column, second row and ninth row, the contours and constraints coincide. The
second column and the second row are related to 휔푐 , and as for the background analysis we can see the widening of
the uncertainties and the different correlations between 휔푐 and both 푤0 and 푤푎 between the dynamical and interacting
approaches. The eighth row is associated to 휎8, where a widening of the uncertainties and a difference in the correlation
with both 푤0 and 푤푎 is a natural consequence of the differences in 휔푐 .
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